
ABSTRACT: The rheological properties of fat-structured prod-
ucts are determined by the microstructure of their fat crystal net-
works, which can be quantified by using microscopical and rhe-
ological techniques. Of particular interest to this study is the
quantification of the fractal dimension of the network using these
two techniques. Fractal dimensions determined by polarized light
microscopy include box-counting, particle-counting, and Fourier-
transform fractal dimensions, whereas the fractal dimensions de-
termined by small deformation dynamic rheology exploit the de-
pendence of the storage modulus on the solids’ volume fraction.
This work reveals that different microscopy fractal dimensions are
sensitive to different microstructural factors within the fat crystal
network, and thus have different physical meanings. The box-
counting fractal dimension, Db, increases with increases in crys-
tal size and area fraction of the fat crystals, whereas the particle-
counting fractal dimension, Df, is sensitive to the radial distribu-
tion pattern of fat crystals; and the Fourier-transform fractal
dimension, DFT, decreases with increasing crystal size. In the
studies on the macroscopic physical properties of fat crystal net-
works, it is necessary to find the determining structural character-
istics and then use the fractal dimensions that are most closely re-
lated.
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In food products containing solid fat as the continuous phase,
the fat crystals interact with each other to form a 3-D fat crys-
tal network, which percolates throughout the system. The
shape, size, number of fat crystals, and the spatial distribution
pattern of the fat crystals, which constitute the microstructure
of the fat crystal network, are key factors determining the rheo-
logical properties of the network and hence the food product.
According to the fractal model developed for fat crystal net-
works by our group (1–3), the microstructure of fat crystal net-
works is related to their rheological properties through the frac-
tal dimension of the fat crystal networks, D, as:

[1]

where G´ is the shear storage modulus of the fat samples, Φ is
the volume fraction of solids [(SFC/100), where SFC = solid
fat content] of the samples, D is the fractal dimension of the fat

crystal networks, and λ is the pre-exponential factor, which de-
pends on the size of the microstructural element within the net-
work and the nature of the intermolecular forces.

The fractal dimensions of fat crystal networks can be ob-
tained from rheology experiments (termed rheology fractal di-
mensions) and from 2-D image analysis of the polarized light
microscopy of fat samples (termed microscopy fractal dimen-
sions). To show that the change in the microstructure of the fat
crystal networks causes the change in the rheological proper-
ties of the fat samples, it is necessary to have consistency be-
tween the rheology fractal dimensions and the microscopy frac-
tal dimensions. Furthermore, several methods have been used
to calculate the microscopy fractal dimensions including the
extensively used box-counting and particle-counting methods
(4–9). Moreover, the fractal dimensions calculated by different
methods often have different values and even display different
trends when the microstructure of the fat crystal networks is
changed (7–9). For example, for the same HMF (high melting
fraction of milk fat) samples, the measured box-counting frac-
tal dimension, Db, ranged from 1.75 to 1.87, whereas the val-
ues of the particle-counting fractal dimension, Df, were from
1.92 to 2.10 (8). Different values of Db and Df for the same
cocoa butter samples were also reported by Awad and
Marangoni (9). During the crystallization of HMF at 5°C, Db
did not vary much, but the Df values of the same samples in-
creased from 1.97 to 2.10 as the concentration of glycerol was
increased from 0 to 0.25% (8). In this paper, we have studied
how different microstructural factors affect the microscopy
fractal dimensions obtained by different methods to reveal their
physical meaning, and then used this knowledge to find the mi-
croscopy fractal dimensions that most closely resemble the rhe-
ology fractal dimension, Dr. Once this is established unambigu-
ously, these microscopy fractal dimensions can then be used to
quantify the microstructure of the fat crystal networks and fur-
ther predict the rheological properties of the fat samples ac-
cording to the fractal model of fat crystal networks.

The fractal dimension is an intensive property of a fractal
object (10). All fractal objects exhibit a self-similar or self-
affine character, which means the pattern of the fractal object
is repeated at different length scales. The self-similar character
of the fat crystal networks was discussed by Narine and
Marangoni (4). All the commonly available methods to calcu-
late the microscopy fractal dimensions of the fat crystal net-
works, such as box-counting, particle-counting, and Fourier-
transform method, are based on this self-similar character of
the fat crystal networks. Different methods measure different
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properties of the fractal object, for instance, the length, area, or
volume of the object at different length scales. For an exact
self-similar fractal object, the length (or area, volume) has a
power-law relationship to the length scale, and the fractal di-
mension of the object can be derived from the exponential term
of this power law relationship.

Box-counting fractal dimension, Db. To calculate the box-
counting fractal dimension, Db, grids with side length li are laid
over a threshold binary image of a fat crystal network. The grids
containing particles of more than a threshold value m are defined
as the occupied grids. The number of occupied grids, Ni, is
counted for a series of grid side length li. Since the fat crystal net-
work is a fractal object, the number of the occupied grids has a
power law relationship with the grid side length, so the plot of
the log(Ni) vs. log(li) is linear. The negative of the slope of this
log-log plot is the box-counting fractal dimension, Db, i.e.,

[2]

Particle-counting fractal dimension, Df. The particle-count-
ing fractal dimension, Df, relates the number of primary parti-
cles, N, that a fractal object contains with the linear size, R, of
that object according to the equation:

[3]

To calculate the particle-counting fractal dimension, Df, of a
fat crystal network, a square-shaped ROI (Region of Interest)
with different side length, R, is drawn on the center of the
image of the fat samples and the number of the microstructural
element in each ROI is counted. The logarithm of the number
of microstructural elements, ln(N(R)), is plotted against the log-
arithm of the side length of each ROI, ln(R), for varying values
of R. The slope of the linear regression curve of this log-log
plot is the particle-counting fractal dimension, Df (5). The par-
ticle-counting fractal dimension algorithm should be carried
out within the range between 100% and 35% of the original
image size (4,9).

Fourier-transform fractal dimension, DFT. In image analy-
sis, a 2-D microscopy image is considered to be a discrete func-
tion, f(x,y), where x and y are the coordinates of the object pix-
els in the horizontal and vertical direction. The 2-D Discrete
Fourier Transform is applied to transform the 2-D image to its
corresponding power spectrum image F(u,v) as:

[4]

or, writing in the form of sine and cosine functions, as:

[5]

where u and v are the coordinates of the pixels in the frequency
domain image. The power spectrum of F(u,v) is 

[6]

where R(u,v) is the real part of the function F(u,v) and I(u,v) is
the imaginary part. The power spectrum image is the trans-
formed plotting of P(u,v) against the u, v dimension. Because
the values of u, v represent the frequency of how the fashion of
the fractal object is repeated, and the power (or the magnitude)
of the power spectrum image corresponds to the population of
the microstructural elements at each repeating frequency (thus
at different length scales), then for a fractal object, the loga-
rithm of the power (or the magnitude) in the power spectrum
image shows a linear relationship with the logarithm of the fre-
quencies. The slope of this linear relationship β is used to cal-
culate the Fourier-transform fractal dimension DFT by Equa-
tion 7 (11):

[7]

DFT can be used to study both self-similar and self-affine frac-
tal objects. The data at low frequencies (u and v < 10) are not
to be included in the calculation of DFT (11). Figure 1 (7) illus-
trates how Db, Df, and DFT are calculated from the double log-
arithmic plot of X vs. Y for the polarized light microscopy im-
ages of the fat crystal networks.

From this discussion, it is obvious that different fractal dimen-
sions use different algorithms and thus may have different values
even for the same microstructure. During studies on the mi-
crostructure of fat crystal networks, our group has compared the
fractal dimension of fat samples calculated by different methods
(3–5,12). Narine and Marangoni (4) calculated fractal dimensions
of CB (cocoa butter), noninterestified milk fat, palm oil, lard, and
tallow by particle-counting method and by rheology (weak link
regime) method. A good agreement was found between these two
fractal dimensions of the samples (4). In the study on the relation-
ship between the crystallization behavior and the microstructure
of palm oil-based shortenings, Litwinenko et al. (5) found that a
high value of Df is associated with a more orderly distribution of
fat crystals in space. On the other hand, a high value of Db often
represents a more space-filling network, which is the result of fast
cooling or high degree of supercooling (13). Awad and
Marangoni (9) studied Df and Db as a function of crystallization
temperature for AMF (anhydrous milk fat), MF-DAG (milk fat
diacylglycerol), MF-TAG (milk fat triacylglycerol), and CB. Df
and Db showed similar trends with temperature for CB, but for
the rest of the samples, opposite behaviors of Df and Db were evi-
dent: When the temperature was above 15°C, Df increased with
temperature and Db decreased. All these results suggest that the
microstructure of a fat crystal network can be quantified using a
fractal dimension; however, the fractal dimensions calculated by
different methods may have different physical meanings and thus
reflect different aspects of the microstructure of the fat crystal net-
work.
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When we determine the microscopy fractal dimensions of
the fat crystal networks from their polarized light micrographs,
the change in the fractal dimensions normally results from the
combined effects of several structural factors and it is hard to
tell how each individual structural factor affects the value of
the fractal dimensions. By using computer simulation, we
changed each of the microstructural factors individually to
study how different microstructural factors affect Db, Df, and
DFT, and to try to find some microscopy fractal dimensions that
display a similar behavior to that of the rheology fractal dimen-
sion, Dr.

MATERIALS AND METHODS

Generation of computer simulation images. This study used a
program written in Matlab 6.5 from the MathWorks, Inc. (Nat-
ick, MA) to generate images with different crystal shape, size,
area fraction, and distribution orderliness. Crystal shapes stud-
ied included line, diamond, square, and disk shapes; and the
sizes studied ranged from around 13 to 4000 pixels. The area
fraction of a crystal network was calculated by the number of
pixels occupied by crystals divided by the number of pixels in
the whole image, which are always 512 × 512 pixels in the sim-
ulation. The range of area fraction studied in the simulation was
from 2 to 30%. The degree of the orderliness of a crystal net-
work was defined as the percentage, P, of the evenly distrib-
uted crystals. The other (1 − P) percentage of crystals was ran-
domly distributed. Evenly distributed crystals were distributed
in the whole image and separated by same distance in both the
x and y direction. The coordinates of randomly distributed crys-
tals were obtained by rand() function in Matlab.

Box-counting fractal dimensions calculation. Box-counting
fractal dimensions Db were calculated using the commercial
software Benoit 1.3 from TruSoft Int’l Inc. (St. Petersburg, FL).
The settings of the Db calculation for simulation images (512 ×
512 pixels) are as follows: The largest grid size is 128 pixels,
the decrease coefficient is 1.3, the increasing step of rotation of
grids is 15 degrees, and the total number of box size used is 18. 

Particle-counting fractal dimensions calculation. The parti-
cle-counting fractal dimensions Df were calculated using a self-
written program, particleCounting.m, written in Matlab 6.5. The
ROI boxes used in the calculation were from the original image
to the area in the center with 35% of the original image side
length. For every ROI box, the particles inside the region and on
the top and left edge of the ROI box are counted. The values of
the Df of all the images submitted to the program are stored in a
1-D array, Df-half-ex, in the order of the images submitted.

Fourier-transform fractal dimensions calculation. The sim-
ulation images were transformed to their power spectrum
image by applying the plug-in “Forward Fourier Transform” in
Photoshop Image Processing Tool Kit 4.0 (Asheville, NC), and
then the mean slope of the log-log plot between the magnitude
and the frequency of the power spectrum image was calculated
by the plug-in “Fourier Power Spectrum” under the pull-down
menu “filters → IP Surface measurement.” The Fourier trans-
form fractal dimension, DFT, is calculated from the mean slope
according to Equation 7.

RESULTS AND DISCUSSION

Thousands of computer simulation images were generated by
changing the shape, size, area fraction, and the distribution
order of the crystals in the images. Some sample images and
the microstructural factors used to generate these images are
shown in Figure 2. 
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FIG. 1. Illustration of the log-log plot of Db (box-counting fractal dimen-
sion), Df (particle-counting fractal dimension), and DFT (Fourier-trans-
form fractal dimension). (A) Calculation of Db ; (B) calculation of Df; (C)
calculation of DFT.

FIG. 2. Sample images generated by computer simulation. The shape,
crystal size, area fraction, and the distribution orderliness for the im-
ages are (A) Line, 13 pixels, AF (area fraction) = 10%, 100% randomly
distributed; (B) disk, 29 pixels, AF = 10%, 100% evenly distributed; (C)
square, 49 pixels, AF = 15%, 100% randomly distributed; (D) diamond,
25 pixels, AF = 8%, 30% evenly distributed; (E) diamond, 25 pixels, AF
= 10%, 50% evenly distributed; (F) diamond, 25 pixels, AF = 8%, 70%
evenly distributed.



By determining the Db, Df, and DFT of these images, we
studied how different microstructural factors of the fat crystal
networks affected the fractal dimension values and tried to re-
veal the physical meaning of the Db, Df, and DFT.

Db was significantly (P < 0.05) affected by crystal shape,
size, and AF (area fraction of crystals), but the distribution or-
derliness of the crystals had little influence on Db. Db increased
with increasing crystal size and AF as shown by the average
Db values in Table 1. There was an interaction effect between
crystal size and AF as shown by the SD of the Db values among
the simulation images in Table 1. For larger AF, the effects of
crystal size on Db became less significant, while for large crys-
tal sizes, AF had less effect on Db as well. These findings are
consistent with the experimental results (6), where Db was
found to increase with SFC, but did not vary above a critical
SFC. According to the simulation results, the increase in Db at
high SFC comes from the increased AF of the image and not
from the increased number of smaller crystals. The simulation
also showed that Db is only sensitive in the low AF range, and
thus low SFC range, and does not change much at higher AF,
and thus high SFC. This result explains why for some polar-
ized light microscopy of fat samples at high SFC (14), obvi-
ously different microstructures yielded similar values of Db.
The simulation also showed that line-shaped crystals always
had higher Db than block-shaped crystals, such as diamond-,
disk-, and square shaped crystals. 

The effects of crystal size, AF, and the distribution order on
Db are illustrated in Figures 3 and 4.

In contrast to Db, Df was not sensitive to crystal shape, size,
area fraction, or distribution orderliness. One thing of which
one needs to be aware is that the rand() function used to gener-
ate the coordinates of the crystals in images generates random
numbers with uniform distribution, which means the distribu-
tion of the crystals in the images is still homogeneous. So, it is
not surprisingly to see Df was not affected by this distribution
order. To study the effects of the radial distribution pattern on
Df, we generated simulation images with different density gra-
dient of the crystals from inside to outside of the image and
found that Df is sensitive to this radial distribution pattern of
the images as shown in Figure 5. Moreover, the values of Df

can exceed the dimensionality of the embedding space. This
means that a particle-counting fractal dimension greater than 3
and even 4 can be obtained from 2-D images of particles dis-
tributed in space, depending on their distribution pattern. This
is not the case for the box-counting dimension or the Fourier
transform fractal dimension. 

In Figure 6, the density of the crystals is defined as the num-
ber of crystals per 100 pixels, and the difference between the
density of each ROI and the density of the most central ROI of
the image was calculated as the density difference from the ori-
gin. The maximum density difference occurs between the den-
sity of the most outside ROI and that of the most inside ROI.
Negative density difference values imply that there are fewer
crystals per unit area in the ROI measured than the central ROI
of the image, and positive values indicate there are more crys-
tals per unit area than the central ROI. It is obvious that when
Df < 2, the distribution of the crystals is denser in the center and
sparse in the outside of the image; whereas when Df > 2, the
distribution of the crystals is sparse in the center and dense in
the outside of the images. In addition, the further away the Df
value is from a value of 2, the bigger the density difference of
the crystals from inside to outside and the more heterogeneous
the distribution of fat crystals. For instance, in Figure 6, as the
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TABLE 1
Db Values of Simulation Images with Diamond Shape and Even Distribution, but Different AF and Crystal Sizea

Radius of crystals (pixel) AF = 2% AF = 6% AF = 10% AF = 15% AF = 20% Average Db on size SD of Db on size

3 1.002 1.306 1.440 1.560 1.640 1.390 0.251 
4 1.002 1.276 1.421 1.528 1.614 1.368 0.240 
5 1.009 1.261 1.402 1.516 1.593 1.356 0.231 
6 1.025 1.260 1.392 1.498 1.583 1.352 0.219 
10 1.105 1.266 1.375 1.482 1.551 1.356 0.177 
14 1.224 1.311 1.393 1.488 1.557 1.395 0.133 
18 1.271 1.363 1.423 1.501 1.565 1.425 0.115 
22 1.399 1.399 1.442 1.515 1.571 1.465 0.076 
32 1.545 1.488 1.530 1.561 1.587 1.542 0.037 
42 1.513 1.638 1.583 1.609 1.645 1.598 0.053 
Average Db on AF 1.210 1.357 1.440 1.526 1.591 
SD of Db on AF 0.215 0.123 0.066 0.040 0.033 — —
aAF, area fraction; Db, box-counting fractal dimension.

FIG. 3. The effects of AF on Db for different crystal sizes. R is the radius
of fat crystals. For abbreviations see Figures 1 and 2.



Df increased from 2 to 3, the maximum density difference of
the crystals in the image increased from 0.87 to 9.63%. The
same phenomenon was observed in the experiment carried out
by Campos et al. (15) on the crystallization of AMF and lard.
The particle-counting fractal dimension of all the samples was
close to 2 (and less than 2), which implied that the distributions
of the fat crystals of AMF and lard were almost homogeneous.
The fat samples that cooled rapidly had higher Df, thus the dis-
tribution of the fat crystals was more homogeneous than that
for fat samples cooled slowly.

The last fractal dimension studied was the Fourier transform
fractal dimension DFT. The study showed that DFT decreases
with increasing crystal size. As shown in Figure 7, DFT de-
creased almost linearly with the radius of the crystals. The im-
ages with higher AF usually had a slightly higher DFT than the
images with lower crystal AF (Figs 7, 8).

Figure 8 shows that DFT was only slightly affected by the
area fraction and the distribution orderliness of the crystals. In
general, the DFT increased slightly when the AF and the distri-
bution orderliness of the crystals were increased, but no clear
trend was evident among different values for distribution or-
derliness at all area fractions. Relative to the effects of crystal
size, the effects of distribution order and AF of the crystals on

DFT were much less significant.
Table 2 summarizes the effects of all the microstructural fac-

tors on the three microscopy fractal dimensions, Db, Df, and
DFT.

The microstructure of fat crystal networks can be quantified
using box-counting, particle-counting, and Fourier transform
fractal dimensions. Different fractal dimensions reflect differ-
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FIG. 4. The effects of crystal size on Db. Solid symbols are for 100%
randomly distributed crystals, and open symbols are for 100% evenly
distributed crystals. For abbreviations see Figures 1 and 2. For explana-
tion of symbols see Figure 3.

FIG. 5. Radial distribution pattern of simulation images with different
Df. (A) Df = 0.998; (B) Df = 3.052. For abbreviation see Figure 1.

FIG. 6. Df values of the simulation images with different maximum den-
sity difference. For abbreviation see Figure 1.

FIG. 7. Effects of crystal size and area fraction on DFT. For abbreviation
see Figure 1.

FIG. 8. Effects of area fraction and distribution orderliness on DFT. For
abbreviations see Figures 1 and 2.



ent aspects of the microstructure of the fat crystal networks and
thus have different meanings. It is necessary to define which
structural characteristic is most closely related to the macro-
scopic physical property of interest (mechanical strength, per-
meability, diffusion) and then use the fractal dimension that is
most closely related to the particular phenomenon.
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TABLE 2 
The Effects of Microstructural Factors on Db, Df, and DFT

a

Affecting factors Db Df DFT

Crystal shape √ X √
Crystal size √ X √
AF of crystals √ X X
Distribution orderliness X √ (radial distribution) X
aDf, particle-counting fractal dimension; DFT, Fourier-transform fractal di-
mension; √, yes; X, no; for other abbreviations see Table 1.


